We study the thermodynamics of quantum field on the spacetime with fuzzy geometry. The heat capacity of the quantum scalar field and Dirac field on the product of Minkowski spacetime by a fuzzy two-sphere is calculated. We see that the fermion capacity becomes a decreasing function of temperature in high-temperature limit, contrast to that always being an increasing function on the spacetime without the fuzzy geometry. We argue that the properties may be traced to the mechanism of "thermal reduction of the extra fuzzy space". We also present a simple model to see such a mechanism.
Introduction
In the noncommutative geometric approach [1] [2] [3] [4] [5] to the unification of all fundamental interactions, including gravity, the space-time is the product of an ordinary Riemannian manifold M by a finite noncommutative space F. The need for F is to avoid the fermion doubling problem [5] . An advantage of this approach over the traditional grand unification approach is that the reduction to the Standard Model gauge group is not due to plethora of Higgs fields, but is naturally obtained from the order one condition, which is one of the axioms of noncommutative geometry [4] .
Motivated by the geometry approach to the unification theory we will in this paper study the thermodynamics of quantum field on the spacetime which is the product of Minkowski spacetime by a noncommutative fuzzy sphere. Note that the noncommutative fuzzy sphere can appear naturally in the string/M theory [6] [7] . It is known to correspond to the sphere D2-branes in string theory with background linear B-field [8] . Also, in the presence of constant RR three-form potential, the D0-branes can expand into a noncommutative fuzzy sphere configuration [9] .
In section II we first review the mathematical property of fuzzy sphere [10] [11] (The properties of Casimir effect and effective potential on the noncommutative spacetime had been studied by us in [12, 13] ). Then, we evaluate the heat capacity of the quantum scalar field and Dirac field on the product of Minkowski spacetime by a fuzzy two-sphere [14] . We see that the fermion capacity could be a decreasing function of temperature in hightemperature limit, contrast to that always being an increasing function on the commutative geometry [15] . We argue that the properties may be traced to the mechanism of "thermal reduction of the extra fuzzy space". Section III is devoted to a discussion and a simple model is presented to see such a mechanism .
2 Thermodynamics on Kaluza-Klein Spacetime with
Extra Fuzzy Sphere
The noncommutative fuzzy two-sphere geometry is described by a finite dimensional algebra generated by 3 matrices J i which satisfies the commutator [10] [J a , J a ] = i R
in which J a are (2J +1)×(2J +1) matrices proportional to the (2J +1)-dimensional represent of the generators J of SU (2) algebra. The Klein-Gordan field equation on the product of Minkowski spacetime (with coordinate x) by a fuzzy two-sphere (with coordinate J i ) is
Expanding the scalar field as a product of plane wave e −ip·x and spherical harmonic function Y ℓ m (θ, φ) then we see that the spectrum of scalar field is [10]
with degeneracy 2ℓ + 1. The Dirac field has a similar relation. Note that the finite value of quantum number ℓ characterizes the fuzzy property of the fuzzy sphere.
To proceed, let us first remark that in order to have the analytic result we will investigate the system of massless free field on the 1+2 Minkowski spacetime with Extra Fuzzy Sphere. Note that, as the property we attempt to see is shown at high temperature, in which the quantum field will become asymptotic free and mass of the field is irrelevant. Also, the property we find will be shown in other dimensional Minkowski spacetime, after numerical analysis.
Then, the thermodynamics of quantum scalar field and Dirac field on the 1+2 KaluzaKlein spacetime with extra fuzzy sphere could be studied from the standard analysis [14] . The total particle number N and energy E could therefore be evaluated from the following two relations
where z is fugacity of the ideal gas, which is related to the chemical potential µ through the formula z ≡ exp(µ/kT ) [14] . Using the spectrum (2.3) we find the following expressions in the high-temperature approximation
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To perform the summation in above we use the Euler-Maclaurin formula
Thus the total particle number becomes
in which we define 10) and the total energy becomes
Using (2.8) we can express the fugacity z as a function of N. After substituting this relation into (2.11) we can find the energy and the associated heat capacity at high temperature becomes 14) in which n 0 ≡ h 2 N/S. Above result shows that the heat capacity of fermion is a decreasing function of temperature, in high-temperature limit, contrast to that always being an increasing function on the commutative geometry [15] . Above property also shows in 1+3 Minkowski spacetime with extra fuzzy sphere, after numerical analysis.
Discussions
Let us make the following physical interpretation to discuss the thermal properties on the Kaluza-Klein spacetime with extra fuzzy geometry 1. It is known that the heat capacity of fermion field on commutative spacetime is an increasing function [15] . For the boson field, if it has Bone-Einstein condensation at low temperature then it has a very large heat capacity at transition temperature T c . After increasing the temperature beyond the T c it will be a decreasing function. However, for the boson system which at low-dimensional commutative spacetime has not condensation then its heat capacity is also an increasing function [15] .
2. In our Kaluza-Klein model, as the system at low temperature does not feel the finite value property of J the particle will have the thermal property like as that on the commutative high-dimensional spacetime. However, for the Dirac field on the Kaluza-Klein spacetime with extra fuzzy geometry then, at high temperature, the quantum level of extra fuzzy space will all be occupied and the particle will behave as that on the lower space. Thus, it will have less capacity, as its degree of freedom is reduced. It is this mechanism of "thermal reduction of the extra fuzzy space" which lead the heat capacity of fermion to be a decreasing function of temperature.
3. It is reasonable to belive that the "mechanism of thermal reduction of the extra fuzzy space" could be shown in other system and there is an associated peak in the system capacity. For example, let us consider a simplest case where the classical particle has spectrum
in which the state with quantum number 0 ≤ ℓ ≤ J is used to simulate that on the fuzzy geometry, which has a maximum energy level. In this case the capacity can be evaluated exactly. We plot the heat capacity in figure 3 . We have explicity seen that if J = 0 then there is a peak in the system capacity. The peak in there signifies the "thermal reduction of the extra fuzzy space" Finally, we know that the temperature of "thermal reduction of the extra fuzzy space" is found at condition J(J+1) R 2 kTr ≈ 1. Thus, in the case of large value of J (and small R) the temperature T r is very large and its effect on the cosmology will be that in the very early epoch. The details of the effect in the early Universe are interesting and remain to be studied.
